In the present paper we consider a non-tabular extension L of the well-known propositional provability logic GL together with the notion of parametric expressibility of formulas in a logic proposed by A. V. Kuznetsov. We prove that there are infinitely many precomplete with respect to parametric expressibility classes of formulas in the above mentioned logic L.
Introduction
We consider an extension L of the propositional provability logic of Gödel-Löb [1] . In 1921 E. Post analysed the possibbility to get a formula from other formulas by means of superpositions [2, 3] and proved that there is a numerable collection of closed with respect to superpositions classes of boolean functions, among which only 5 of them are maximal with respect to inclusion. A. V. Kuznetsov have generalized the notion of superposition of functions to the case of formulas and put into consideration the notion of parametric expressibility of a formula via a system of formulas in a given logic [4, 5, 6] and proved there are finitely many precomplete with respect to parametric expressibility classes of formulas in the general 2-valued and 3-valued logics. Later on it was proved in [7] there are finitely many closed with respect to parametric expressibility classes of formulas in the general k-valued logic (these classes are reffered in [7] to as primitive positive clones). In the present paper we consider formulas of an extension L of the propositional provability logic GL and prove there are infinitely many precomplete with respect to parametric expressibility classes of formulas in L. The proof uses the fact that the above mentioned logic L coincides with a logic of a Magari's algebra defined futher.
Definitions and notations
Propositional provability logic GL [1] . The calculus G of the propositional provability logic GL is based on formulas built as usual from propositional variables p, q, r, p 1 , q i , r j . . . , logical connectives &, ∨, ⊃, ¬, ∆ and auxiliary symbols of left and right parantheses ( and ). Let F orm denote the set of all formulas of the calculus G. The variables occuring in the formula F we denote by V ar(F ). Axioms of GL are the axioms of the classical logic of propositions together with the following three formulas:
The rules of inference are the well-known rules of modus ponens and substitution supplimented with the rule of necessitation:
The notion of theorem (deductible formula) in the calculus G is defined as usual based on axioms and inference rules of G. Denote all theorems of G by T h. Then, the propositional provability logic GL of G is considered the pair (F orm, T h). Since set F orm is known traditionally by logic GL is understoond the set T h. Any set of formulas L containing GL and closed with respect to rules of inference of G is said to be an extension of GL. Parametric expressibility of formulas [4] . Suppose in the logic L we can define the equivalence of two formulas. The formula F is said to be (explicitly) expressible via a system of formulas Σ in the logic L if F can be obtained from any variables and formulas of Σ using two rules:
1. the rule of weak substitution, which allows to to pass from two formulas, let say A and B, to the result of substitution of one of them, B, in another one, A, in place of every occurence of any fixed variable p (the result of substitution we denote as
2. if we already get formula A and we know A is equivalent in L to formula B, then we can consider we also have formula B
A, A ∼ B B .
The formula F is said to bbe parametrically expressible via the system of formulas Σ in the logic L if there exist variables q 1 , . . . , q s , q not occuring in F , formulas D 1 , . . . , D s , formulas B 1 , . . . , B m and C 1 , . . . , C m such that B 1 , . . . , B m and C 1 , . . . , C m are explicitly expressible in L via Σ and the following first-order formulas are valid:
The system of formulas Σ is said to be complete with respect to parametric expressibility in the logic L if any formula of the calculus of L is parametrically expressible via formulas of Σ. The system Σ is called precomplete with respect to parametrical expressibility in the logic L if it is not complete in L, but for any formula F , which is not parametrically expressible via formulas Σ, the system Σ ∪ {F } is already parametrically complete in L.
Magari's algebras. A Magari's algebra [8] D is a boolean algebra A = (A; &, ∨, ⊃, ¬, 0, 1) with an additional operator ∆ satisfying the following relations:
where 1 is the unit of A.
We consider the Magari's algebra M = (M ; &, ∨, ⊃, ¬, ∆) of all infinite binary sequences of the type α = (µ 1 , µ 2 , . . . ), µ i ∈ {0, 1}, i = 1, 2, . . . 1, 1, . . . ).
Interpreting
Magari's algebra D is known to form an extension of the logic GL [9] .
They say formula F (p 1 , . . . , p n ) conserves on the Magari's algebra D the relation R(x 1 , . . . , x m ) if for any elements α 11 , . . . , α mn of D the relations R(α 11 , . . . , α m1 ), . . . , R(α 1n , . . . , α mn )
implies
Let α ∈ D. Obviously, formula F (p 1 , . . . , p n ) conserves the relation x = α on D if F (α, . . . , α) = α. According to A. F. Danil'cenco [6] , the set of all formulas conserving the relation x = α on an arbitrary k-element set is closed with respect to parametrical expressibility.
Preliminary results
We start by validating some useful properties of the formulas p, ∆p and ∇p. Let us consider on D the following formulas (16) and (17), denoted by F ¬ (p, q, r) and F ∆ (p, q, r) correspondingly:
Proof. Since ¬α = β we get α ∼ β = 0, ¬(α ∼ β) = 1 and by (13) we have
which implies
Proof. Since ¬α = β we get ¬α ∼ β = 1, α ∼ β = 0 We distinguish two cases: 1) (α ∼ β) = 0, and 2) (α ∼ β) ≥ ∆0.
In case 1) by (15), (9) and (10) we get ¬(α ∼ β) ≥ ∆0, ∇¬(α ∼ β) = 1, and ∇(α ∼ β) = 0, which implies
Thus the first case is already examined. Now consider the second case, when x ≥ ∆0. Again, since ¬α = β by (9), (10) and (14) we obtain
Then,
Proof. Since ∆α ≥ 0 and ∆α = β we have β ≥ ∆0, ∆α ∼ β = 1 and by (9) we get ∇β = 1, ¬∇β = 0. These ones imply the following relations:
Proposition 5. Let arbitrary α, β, η ∈ M * such that ∆α = β and η = ¬∆ i 0.
Proof. We consider 2 cases: 1) β = 0, and 2) β ≥ ∆0. Suppose β = 0. In view of (10) we have ∇β = 0 and ¬∇β = 1. Subsequently,
Suppose now β ≥ ∆0. Let us note ∆α ∼ β = 1. Then considering (9) we get
Proof. Let us calculate F ¬ [p/α, q/α, r/r]. By (13) we obtain imidiately:
Proposition 7. Let arbitrary α, η ∈ M * and α = 0. Then
Proof. Taking into account (10) we have
4 Some properties of some classes of formulas in LM * Consider the class K i , i = 1, 2, . . . , of all formulas of GL which conserves the relation x = ¬∆ i 0 on M * . For example, the class K 1 is defined by the relation x = (0, 1, 1, 1, . . . ).
Remark 2. The formulas
As a consequence from [6] we have the following remark.
Remark 3. The class K i , i = 1, 2, . . . , of formulas is closed with respect to parametric expressibility of formulas in the logic LM * .
Remark 4.
Since K i is closed relativ to parametric expressibility the formulas ¬p and ∆p can not be expressed parametrically via formulas of K i , K i in LM * , so K i is not complete relative to parametric expressibility of formulas in LM * .
Remark 5. By propositions 6 and 7 we have the earlier defined formulas F ¬ (p, q, r) and F ∆ (p, q, r) are in K i .
Lemma 1.
Consider an arbitrary formula F (p 1 , . . . , p k ) ∈ K i . Then formulas ∆p and ¬p are parametrically expressible via formulas from
sider formulas F ¬ and F ∆ defined by formulas (18) and (19):
and examine first-order formulas containing only formulas from K i ∪ {F }: Lemma is proved.
Main result
Theorem 1. Consider the extension LM * of the propositional provability logic GL. Then there are infinitely many precomplete with respect to parametrical expressibility classes of formulas in LM * .
Proof. Consider classes of formulas K 1 , K 2 , . . . each of which preserve on the algebra M * the corresponding predicates x = ¬∆0, x = ¬∆ 2 0, . . . . According to remark 2 these classes are two by two distinct, and by lemma 1 these classes are precomplete relative to parametric expressibility of formulas in LM * .
